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Pretwisted Nonuniform Beams with Time-Dependent
Elastic Boundary Conditions

Shueei Muh Lin¤

Kung Shan Institute of Technology, Tainan, Taiwan 710, Republic of China

The governing differential equations with the nonhomogeneoustime-dependent elastic boundary conditions for
the coupled bending–bending vibration of a pretwisted nonuniform beam are derived by Hamilton’s principle. By
taking a general change of dependent variable with shifting functions, the original system is transformed to be
a system composed of two nonhomogeneous governing differential equations and eight homogeneous boundary
conditions. Consequently, the method of separation of variables can be used to solve the transformed problem. The
physical meanings of these shifting functions are explored. The orthogonality condition for the eigenfunctions of a
pretwisted nonuniformbeam with elastic boundaryconditionsis also derived. The stiffness matrix for anonuniform
beam with arbitrary pretwist is derived. As the coef� cients of the matrix can be integrated analytically, the exact
stiffness matrix is, therefore, obtained. The relation between the shifting functions and the stiffness matrix is
derived. The in� uence of the pretwist angle on the dynamic response of the beam is studied. The vibration control
of a pretwist beam with boundary inputs is investigated.

Nomenclature
A = cross-sectionalarea of the beam
Bi j = dimensionless bending rigidity,

E.x/Ii j .x/=[E.0/Iyy.0/]; i; j D x; y
E = Young’s modulus of beam material
F1; F2; F3; F4; = dimensionless slopes, displacements,
F5; F6; F7; F8; external moments, and shear excitations at
F¤

1 ; F ¤
2 ; F¤

3 ; F ¤
4 ; the left and right of the beam in the y and

F¤
5 ; F ¤

6 ; F¤
7 ; F ¤

8 z directions, respectively, f1; f2=L ; f3; f4=L ,
f5; f6=L , f7; f8=L , f ¤

1 L=[E .0/Iyy .0/],
f ¤
2 L2=[E .0/Iyy .0/], f ¤

3 L=[E.0/Iyy.0/],
f ¤
4 L2=[E .0/Iyy .0/], f ¤

5 L=[E.0/Iyy.0/],
f ¤
6 L2=[E .0/Iyy .0/], f ¤

7 L=[E.0/Iyy.0/],
f ¤
8 L2=[E .0/Iyy .0/]

f1; f2; f3; f4; = slopes, displacements, external moments,
f5; f6; f7; f8; and shear excitationsat the left and right of
f ¤
1 ; f ¤

2 ; f ¤
3 ; f ¤

4 ; the beam in the y and z directions,
f ¤
5 ; f ¤

6 ; f ¤
7 ; f ¤

8 respectively
I = area moment inertia of the beam
K yT L ; K yµ L ; = translationaland rotational spring constants
K yT R; K yµ R; at the left and the right end of the beam in
KzT L; K zµ L ; the y and z directions, respectively
KzT R ; Kzµ R

L = length of the beam
M = dimensionless mass, ½.x/A.x/=[½.0/A.0/]
P; Q = dimensionless external transverse loads in the

y and z directions, respectively,
p.x; t/L3=[E.0/Iyy.0/],
q.x; t/L3=[E .0/Iyy .0/]

p; q = external transverse loads in the y and z
directions, respectively

T = kinetic energy
t = time variable
u; v; w = beam lateral displacements in the x; y, and z

directions, respectively
V ; W = dimensionless lateral displacements in the y

and z directions, respectively,v=L ; w=L
X; Y; Z = principal frame coordinates
x; y; z = � xed frame coordinates
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¯1; ¯2; ¯3; ¯4; = dimensionless rotational and translational
¯5; ¯6; ¯7; ¯8 spring constants at the left and right of

the beam in the y and z directions,
respectively, Kzµ L L=[E.0/Iyy.0/],
K zT L L3=[E.0/Iyy.0/], K yµ L L=[E.0/Iyy.0/],
K yT L L3=[E .0/Iyy .0/], Kzµ R L=[E.0/Iyy.0/],
K zT R L3=[E.0/Iyy.0/], K yµ R L=[E.0/Iyy .0/],
K yT R L3=[E.0/Iyy .0/]

µ = angle between principal and � xed frames
32 = dimensionless natural frequency,

m.0/Ä2L4=[E.0/Iyy.0/]
» = dimensionless distance to the left end of the

beam, x=L
5 = total potential energy
½ = mass density per unit volume
¾x x ; "x x = normal stress and strain in the x direction,

respectively
¿ = dimensionless time,

.t=L2/
p

[E.0/Iyy.0/=½.0/A.0/]
8 = tip pretwist angle of the beam, µ.L/
Ä = natural frequency
$ = dimensionless excitation frequency

Introduction

T HE dynamic analysis of the pretwisted beams is important
in the design of a number of engineering components, e.g.,

turbineblades,helicopterrotorblades,andgear teeth.An interesting
review of the subject can be found in the paper by Rosen.1 The
forced vibration problem of a pretwisted nonuniform beam with
general elastic time-dependent boundary conditions is common in
engineeringapplications.Thus, it is necessaryto developanaccurate
and simple method to solve this complicatedproblem and to � nd its
performance.

The vibrations of unpretwisted uniform Bernoulli–Euler beams
with classical time-dependentboundaryconditionscan be solvedby
using the method of Laplace transform2 and the method of Mindlin–

Goodman3 (also see Ref. 4). In the Mindlin–Goodman method, a
change of dependent variable together with four shifting polyno-
mial functions of � fth order is introduced. In general, by properly
selecting these shifting polynomial functions, the original system
will be transformed to a system composed of a nonhomogeneous
governing differential equation with four homogeneous boundary
conditions.Consequently,the method of separationof variablescan
be used to solve the problem. The dynamic analysis of a nonuni-
form Bernoulli–Euler beam with general time-dependentboundary
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conditionswas given by Lee and Lin.5 They generalizedthe method
of Mindlin–Goodman and introduced four shifting functions with
the physical meaning instead of those functions with no physi-
cal meaning given by Mindlin and Goodman.3 The vibrations
of unpretwisted uniform Timoshenko beams with classical time-
dependent boundary conditions were studied by Herrmann6 and
Berry and Nagdhi7 by using the method of Mindlin–Goodman. Lee
and Lin8 extended their previous study5 and further generalized the
method of Mindlin–Goodman to develop a solution procedure for
studing the vibrations of an unpretwisted nonuniform Timoshenko
beam with general time-dependentboundary conditions.

Approximation methods are very useful tools to investigate the
free vibrations of pretwisted beams, where exact solutions are dif-
� cult to obtain even for the simplest cases. These methods are
the � nite element method,9;10 the Rayleigh–Ritz method,11 the
Reissner method,12 the Galerkin method,13 and the transfer matrix
method.14 – 16 Rosard and Lester14 assumed that the displacements
at each element were linear. Rao and Carnegie15 used an iteration
procedureto determine the displacementsat each element.Lin16 de-
rivedthe exact� eld transfermatrix of a nonuniformpretwistedbeam
with arbitrary pretwist without an iteration procedure and studied
the performance of a beam with elastic boundary conditions. No
research has been devoted to the forced vibration of the pretwisted
beam with time-dependent elastic boundary conditions.

In this paper, the previous studies by Lee and Lin8 and Lin16 are
extended.The governingdifferentialequationswith time-dependent
elastic boundaryconditionsfor the coupledbending–bendingvibra-
tion of a pretwisted nonuniform beam are derived by Hamilton’s
principle. A solution procedure for studying the dynamic behav-
ior of the system is developed by using the method of Mindlin–

Goodman, and the eigensolutionsof the system are obtained by us-
ing the modi� ed transfer method given by Lin.16 A general change
of dependent variable with shifting functions is introduced, and the
physical meanings of these shifting functions are further explored.
The orthogonalityconditionfor the eigenfunctionsof a nonuniform
pretwisted beam with elastic boundary conditions is also derived.
The stiffness matrix for a nonuniform beam with arbitrary pretwist
is derived. The relation between the shifting functions and the stiff-
ness matrix is derived. The in� uence of the pretwist angle on the
dynamic response of the beam is studied. The vibration control of
a pretwist beam with boundary inputs is investigated.

Governing Equations and Boundary Conditions
Considerthe forcedvibrationproblemof a pretwistednonuniform

beam with time-dependentelastic boundary conditions as shown in
Fig. 1. Neither shear deformationnor rotatory inertia is considered.
The displacement � elds of the beam are

u D ¡z
@w

@x
¡ y

@v

@x
; v D v.x; t/; w D w.x; t/ .1/

The total potential energy 5 and the kinetic energy T of the beam
are

Fig. 1 Geometry and coordinate system of a pretwisted nonuniform beam with time-dependent elastic boundary conditions.

5 D 1
2

L

0 A
¾x x "x x dA dx C 1

2
K zµ L

@w.0; t/

@x
¡ f1.t/

2

C 1

2
K zT L [w.0; t/ ¡ f2.t/]

2 C 1

2
K yµ L

@v.0; t/

@x
¡ f3.t/

2

C 1
2

K yT L [v.0; t/ ¡ f4.t/]2 C 1
2

K zµ R
@w.L; t/

@x
¡ f5.t/

2

C 1

2
K zT R[w.L ; t/ ¡ f6.t/]2 C 1

2
K yµ R

@v.L ; t/

@x
¡ f7.t/

2

C 1

2
K yT R [v.L ; t/ ¡ f8.t/]

2

(2)

¡
L

0
[p.x; t/w.x; t/ C q.x; t/v.x; t/] dx

¡ f ¤
1 .t/

@w.0; t/

@x
¡ f ¤

2 .t/w.0; t/ ¡ f ¤
3 .t/

@v.0; t/

@x

¡ f ¤
4 .t/v.0; t/ ¡ f ¤

5 .t/
@w.L ; t/

@x
¡ f ¤

6 .t/w.L; t/

¡ f ¤
7 .t/

@v.L ; t/

@x
¡ f ¤

8 .t/v.L; t/

T D 1

2

L

0 A

³
@w

@t

´2

C
³

@v

@t

´2

½ dA dx

Application of Hamilton’s principle yields two coupled governing
differential equations and eight time-dependent elastic boundary
conditions.

The two coupled dimensionless governing differential equations
of the system are written as

@2

@» 2

³
Byy

@2W

@» 2

´
C @2

@» 2

³
Byz

@2V

@» 2

´
C M

@2W

@¿ 2
D P.»; ¿/ (3)

@2

@» 2

³
Bzz

@2V

@» 2

´
C

@2

@» 2

³
Byz

@2W

@» 2

´
C M

@2V

@¿ 2
D Q.»; ¿/

» 2 .0; 1/ (4)

and the associated dimensionless time-dependent elastic boundary
conditions are given follows.

At » D 0,

°11
@W

@»
¡ °12

³
Byy

@2W

@» 2
C Byz

@2V

@» 2

´
D NF1.¿ / (5)

°21W C °22
@

@»

³
Byy

@2W

@» 2

´
C @

@»

³
Byz

@2V

@» 2

´
D NF 2.¿ / (6)

°31
@V

@»
¡ °32

³
Bzz

@2V

@» 2
C Byz

@2W

@» 2

´
D NF3.¿/ (7)
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°41V C °42
@

@»

³
Bzz

@2V

@» 2

´
C @

@»

³
Byz

@2W

@» 2

´
D NF4.¿ / (8)

At » D 1,

°51
@W

@»
C °52

³
Byy

@2W

@» 2
C Byz

@2V

@» 2

´
D NF5.¿ / (9)

°61W ¡ °62
@

@»

³
Byy

@2W

@» 2

´
C @

@»

³
Byz

@2V

@» 2

´
D NF6.¿/ (10)

°71
@V

@»
C °72

³
Bzz

@2V

@» 2
C Byz

@ 2W

@» 2

´
D NF7.¿ / (11)

°81V ¡ °82
@

@»

³
Bzz

@2V

@» 2

´
C @

@»

³
Byz

@2W

@» 2

´
D NF 8.¿ / (12)

where
NF i .¿ / D °i1 Fi .¿/ C °i2 F¤

i .¿ /
(13)

°i1 D [¯i=.1 C ¯i /]; °i2 D [1=.1 C ¯i /]

When thedimensionlesstranslationalspringconstantis in� nityor
zero, the time-dependentdisplacementor the time-dependentshear
force is prescribed. If the dimensionless rotational spring constant
is in� nity or zero, the time-dependent slope or the time-dependent
moment is prescribed.

The associateddimensionlessinitial conditionsof the motion are

W .»; 0/ D W0.» /; V .»; 0/ D V0.» /

(14)
@W .»; 0/

@¿
D PW 0.» /;

@V .»; 0/

@¿
D PV 0.» /

Solution Method
Change of Variable

To � nd the solution for these differential equations with variable
coef� cients and nonhomogeneouselastic boundary conditions,one
generalizes the method given by Lee and Lin5 by taking

W .»; ¿ / D Nw.»; ¿/ C
8

i D 1

NF i .¿ /gi .» /

(15)

V .»; ¿/ D Nv.»; ¿/ C
8

i D 1

NF i .¿ / Ngi .» /

where the shifting functions gi .» / and Ngi .» / are chosen to satisfy
the following two differential equations:

d2

d» 2

³
Byy

d2gi

d» 2

´
C d2

d» 2

³
Byz

d2 Ngi

d» 2

´
D 0 (16)

d2

d» 2

³
Bzz

d2 Ngi

d» 2

´
C d2

d» 2

³
Byz

d2gi

d» 2

´
D 0; i D 1; 2; : : : ; 8 (17)

and the following boundary conditions.
At » D 0,

°11
dgi

d»
¡ °12

³
Byy

d2gi

d» 2
C Byz

d2 Ngi

d» 2

´
D ±i1 (18)

°21gi C °22
d

d»

³
Byy

d2gi

d» 2

´
C d

d»

³
Byz

d2 Ngi

d» 2

´
D ±i2 (19)

°31
d Ngi

d»
¡ °32

³
Bzz

d2 Ngi

d» 2
C Byz

d2gi

d» 2

´
D ±i3 (20)

°41 Ngi C °42
d

d»

³
Bzz

d2 Ngi

d» 2

´
C d

d»

³
Byz

d2gi

d» 2

´
D ±i4 (21)

At » D 1,

°51
dgi

d»
C °52

³
Byy

d2gi

d» 2
C Byz

d2 Ngi

d» 2

´
D ±i5 (22)

°61gi ¡ °62
d
d»

³
Byy

d2gi

d» 2

´
C d

d»

³
Byz

d2 Ngi

d» 2

´
D ±i6 (23)

°71
d Ngi

d»
C °72

³
Bzz

d2 Ngi

d» 2
C Byz

d2gi

d» 2

´
D ±i7 (24)

°81 Ngi ¡ °82
d
d»

³
Bzz

d2 Ngi

d» 2

´
C d

d»

³
Byz

d2gi

d» 2

´
D ±i8 (25)

where ±i j is a Kronecker symbol. The shifting functionsare derived
and their physical meanings are discussed in the Appendix. After
substituting Eqs. (15–25) into Eqs. (3–13), one has the following
differential equations in terms of Nw.»; ¿ / and Nv.»; ¿ /:

@2

@» 2

³
Byy

@2 Nw
@» 2

´
C @2

@» 2

³
Byz

@2 Nv
@» 2

´
C M

@2 Nw
@¿ 2

D Np.»; ¿ / (26)

@2

@» 2

³
Bzz

@ 2 Nv
@» 2

´
C @2

@» 2

³
Byz

@ 2 Nw
@» 2

´
C M

@2 Nv
@¿ 2

D Nq.»; ¿ / (27)

where

Np.»; ¿ / D P.»; ¿/ ¡ M .» /
8

i D 1

d2 NF i

d¿ 2
gi .» /

(28)

Nq.»; ¿/ D Q.»; ¿ / ¡ M .» /
8

i D 1

d2 NF i

d¿ 2
Ngi .» /

and the following associated homogeneous boundary conditions.
At » D 0,

°11
@ Nw
@»

¡ °12

³
Byy

@2 Nw
@» 2

C Byz
@2 Nv
@» 2

´
D 0 (29)

°21 Nw C °22
@

@»

³
Byy

@2 Nw
@» 2

´
C @

@»

³
Byz

@2 Nv
@» 2

´
D 0 (30)

°31
@ Nv
@»

¡ °32

³
Bzz

@2 Nv
@» 2

C Byz
@2 Nw
@» 2

´
D 0 (31)

°41 Nv C °42
@

@»

³
Bzz

@2 Nv
@» 2

´
C @

@»

³
Byz

@2 Nw
@» 2

´
D 0 (32)

At » D 1,

°51
@ Nw
@»

C °52

³
Byy

@2 Nw
@» 2

C Byz
@2 Nv
@» 2

´
D 0 (33)

°61 Nw ¡ °62
@

@»

³
Byy

@2 Nw
@» 2

´
C @

@»

³
Byz

@2 Nv
@» 2

´
D 0 (34)

°71
@ Nv
@»

C °72

³
Bzz

@2 Nv
@» 2

C Byz
@2 Nw
@» 2

´
D 0 (35)

°81 Nv ¡ °82
@

@»

³
Byy

@2 Nv
@» 2

´
C @

@»

³
Byz

@2 Nw
@» 2

´
D 0 (36)

The transformed initial conditions (15) become

Nw.»; 0/ D W0.» / ¡
8

i D 1

NF i .0/gi .» /

Nv.»; 0/ D V0.» / ¡
8

i D 1

NF i .0/ Ngi .» /

(37)

@ Nw.»; 0/

@¿
D PW 0.» / ¡

8

i D 1

d NF i .0/

d¿
gi .» /

@ Nv.»; 0/

@¿
D PV 0.» / ¡

8

i D 1

d NF i .0/

d¿
Ngi .» /
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Orthogonality Condition
The solution for Eqs. (26–37), Nw.»; ¿ /, and Nv.» ; ¿ / can be ob-

tained by using the method of eigenfunctionexpansion.The eigen-
functions are speci� ed by the associated homogeneous governing
differential equations and homogeneous boundary conditions.

To derive the orthogonality condition of the eigenfunctions of
the system, one lets 32

n be the nth eignevalue or the square of the
nth dimensionlessnatural frequencyand [ Own.» / Ovn.» /]T be the nth
eigenfunctionof the system,where the superscriptT is the transpose
of a matrix. The governing characteristic differential equation can
be expressed as

[ OL] ¡ 32
n[ OM]

Own

Ovn
D 0 .38/

where the differential operators [ OL] and [ OM] are

[ OL] D

&

6666$

d2

d» 2

³
Byy

d2

d» 2

´
d2

d» 2

³
Byz

d2

d» 2

´

d2

d» 2

³
Byz

d2

d» 2

´
d2

d» 2

³
Bzz

d2

d» 2

´

’

7777% .39/

and

[ OM] D
M .» / 0

0 M .» /
.40/

respectively. The eigenfunctions satisfy the boundary conditions
(29–36). It can be seen that Eq. (38) and the associated boundary
conditions (29–36) take the meaning of the free vibration of an
elasticallyrestrainednonuniformbeam. The eigenfunctionsand the
eigenvalues can be obtained by using the modi� ed transfer matrix
method proposed by Lin.16 It was shown that, as the element of the
� eld transfer matrix can be integrated anaytically, the exact � eld
transfer matrix of the system is, therefore, obtained.

Taking the inner product, one can easily show that

1

0
[ Ow j .» / Ov j .» /][ OM]

Own.» /

Ovn.» /
d»

D
1

0
[ Own.» / Ovn.» /][ OM]

Ow j .» /

Ov j .» /
d» (41)

and

1

0

[ Ow j .» / Ov j .» /][ OL]
Own.» /

Ovn.» /
d»

D
1

0
[ Own.» / Ovn.» /][ OL]

Ow j .» /

Ov j .» /
d» C OB (42)

where

OB D Own
d

d»

³
Byy

d2 Ow j

d» 2

´
C

d

d»

³
Byz

d2 Ov j

d» 2

´ 1

0

C Ovn
d
d»

³
Byz

d2 Ow j

d» 2

´
C d

d»

³
Bzz

d2 Ov j

d» 2

´ 1

0

¡ d Own

d»
Byy

d2 Ow j

d» 2
C Byz

d2 Ov j

d» 2

1

0

¡ d Ovn

d»
Byz

d2 Ow j

d» 2
C Bzz

d2 Ov j

d» 2

1

0

C d Ow j

d»
Byy

d2 Own

d» 2
C Byz

d2 Ovn

d» 2

1

0

C d Ov j

d»
Byz

d2 Own

d» 2
C Bzz

d2 Ovn

d» 2

1

0

¡ Ow j
d

d»

³
Byy

d2 Own

d» 2

´
C d

d»

³
Byz

d2 Ovn

d» 2

´ 1

0

¡ Ov j
d

d»

³
Byz

d2 Own

d» 2

´
C

d

d»

³
Bzz

d2 Ovn

d» 2

´ 1

0

(43)

and OB vanishes because of the boundary conditions (29–36). Thus,
the self-adjointnessof the system is proved. Consequently, the fol-
lowing orthogonalitycondition is obtained:

1

0

M.» /[ Ow j .» / Own.» /COv j .» / Ovn.» /] d» D
0; j 6D n

"n; j D n
.44/

where "n is a real number.

Mode Superposition
The solution Nw.»; ¿ / and Nv.»; ¿ / speci� ed by Eqs. (26–37) can

be expressed in the following eigenfunctionexpansion form:

Nw.»; ¿ /

Nv.»; ¿/
D

1

n D 1

Tn.¿/
Own.» /

Ovn.» /
.45/

Substituting it back to the governing equations (26–28) and the
initial conditions (37), multiplying by [ Own.» / Ovn.» /], and inte-
grating in accordance with the orthogonality condition (44), one
obtains

d2Tn

d¿ 2
C 32

n Tn D 1

"n

1

0

[ Own.» / Np.»; ¿/ C Ovn.» / Nq.»; ¿/] d» .46/

The corresponding initial conditions are

Tn.0/ D 1
"n

1

0

M.» /[ Own.» / Nw.»; 0/ C Ovn.» / Nv.»; 0/] d» (47)

dTn.0/

d¿
D 1

"n

1

0

M.» / Own.» /
@ Nw.»; 0/

@¿
C Ovn.» /

@ Nv.»; 0/

@¿
d» (48)

The solution is

Tn.¿ / D Tn.0/ cos3n¿ C 1
3n

dTn.0/

d¿
sin 3n¿

C 1
3n

¿

0

p¤
n.³ / sin 3n.¿ ¡ ³ / d³ (49)

where p¤
n.» / is the forced term in Eq. (46). After substituting Eq.

(49) back into Eq. (45), the general forced responseof the beam with
time-dependent boundary conditions is � nally obtained by substi-
tuting the shifting functions (A6) and (A8) listed in the Appendix
and the solution (45) into Eqs. (15).

Results and Discussion
To illustratetheapplicationof themethodandexplorethephysical

phenomena of the system, the following examples are presented.

Example 1
Consider the vibration of a clamped–hinged uniform untwisted

beam subjected to a displacement time-dependent excitation F6 D
0:01¿ 2 at the right end of the beam. For convenience, one
takes the initial conditions as W0.» / D PW0.» / D 0 and transverse
forces P.»; ¿ / D Q.»; ¿/ D 0. Therefore, Fi D 0; i 6D 6, and
F¤

j D 0; j D 1; 2; : : : ; 7; 8. The governingcharacteristicdifferential
equation (38) is reduced to

d4 Own

d» 4
¡ 32

n Own D 0 .50/

Its four fundamental solutions are obtained:

Ow1;n D 1
2

cosh
p

3n» C cos
p

3n»

Ow2;n D 1=2 3n sinh 3n» C sin 3n»
(51)

Ow3;n D 1=23n cosh 3n» ¡ cos 3n»

Ow4;n D 1 233=2
n sinh 3n» ¡ sin 3n»



1520 LIN

which satisfy the normalization condition
&

666$

Ow1;n.0/ Ow2;n.0/ Ow3;n.0/ Ow4;n.0/

Ow0
1;n.0/ Ow0

2;n.0/ Ow0
3;n.0/ Ow0

4;n.0/

Ow00
1;n.0/ Ow00

2;n.0/ Ow00
3;n.0/ Ow00

4;n.0/

Ow000
1;n.0/ Ow000

2;n.0/ Ow000
3;n.0/ Ow000

4;n.0/

’

777% D

&

666$

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

’

777%

(52)

The homogeneous solution of Eq. (50) can be expressed as

Own.» / D c1;n Ow1;n C c2;n Ow2;n C c3;n Ow3;n C c4;n Ow4;n .53/

where c1;n ; c2;n ; c3;n , and c4;n are four constants to be determined.
After substitutingEq. (53) into the associatedboundaryconditions,
the following frequency equation is obtained:

Ow3;n.1/ Ow00
4;n.1/ ¡ Ow4;n.1/ Ow00

3;n.1/ D 0 .54/

The eigenvaluesof the beam can be obtained by � nding the roots of
the frequency equation. The transient solution can be expressed by
using the proposed method as follows:

W .»; ¿ / D 0:01¿ 2g6.» / C
1

i D 1

P¤
i

32
i

.1 ¡ cos 3i ¿/ Owi .» / .55/

where

g6 D 3

2
» 2 ¡ 1

2
» 3

(56)

P¤
i D ¡0:02

1

0

Own.» /g6.» / d»
1

0

Ow2
n.» / d»

Its numerical results are listed in rows a of Table 1. The results in
rows b are determined from Eq. (55), with the eigenvalues 3i and
the eigenfunctions Owi derived by using the modi� ed transfer matrix
method given by Lin.16 Those in rows c and d are obtained by Lee
and Lin5 and Grant,4 respectively.As can be seen, these results are
very consistent.

Example 2
To establish the element stiffness matrix of a nonuniform beam

with arbitrarypretwist, the static de� ection curves of the beam sub-
jected only to a unit displacementor a unit slope at either end of the
beam segment have to be determined. However, it is known from
the meanings of the shifting functions explored in the Appendix
that these de� ection curves are just the shifting functions gi .» / and
Ngi .» / for the clamped-clamped beam listed in case 3 of the Ap-
pendix.Thus, the element stiffnessmatrix relationcan be written as

[¡Qz.0/Mz.0/Qz.1/ ¡ Mz.1/ ¡ Q y .0/My.0/Q y .1/ ¡ My .1/]T

D [ki j ]8 £ 8
dw¤.0/

d»
w¤.0/

dv¤.0/

d»
v¤.0/

dw¤.1/

d»
w¤.1/

dv¤.1/

d»
v¤.1/

T

(57)

Table 1 Dynamic response of clamped–hinged uniform untwisted
beams subjected to a displacement excitation at the right enda

¿ » D 0:2 » D 0:4 » D 0:6 » D 0:8 » D 1:0

1 a 0.0006 0.0021 0.0043 0.0070 0.0100
b 0.0005 0.0020 0.0042 0.0070 0.0100
c 0.0006 0.0020 0.0043 0.0070 0.0100
d 0.0005 0.0020 0.0042 0.0070 0.0100

3 a 0.0050 0.0187 0.0389 0.0634 0.0900
b 0.0050 0.0187 0.0388 0.0633 0.0900
c 0.0050 0.0187 0.0389 0.0634 0.0900
d 0.0050 0.0187 0.0389 0.0633 0.0900

5 a 0.0140 0.0520 0.1080 0.1760 0.2500
b 0.0140 0.0520 0.1080 0.1760 0.2500
c 0.0140 0.0520 0.1080 0.1760 0.2500
d 0.0140 0.0520 0.1080 0.1760 0.2500

a[F6 D 0:01¿2 ; Fi D 0; i 6D 6; F ¤
j D 0; j D 1, 2; : : : ; 7; 8, and W0.» / D PW 0.» / D

P.»; ¿ / D Q.»; ¿ / D 0]

where v¤ and w¤ represent the static displacements in the y and z
directions, respectively,and the elements of the stiffness matrix are

k1i D c1;i ; k2i D ¡c2;i ; k3i D ¡c1;i ; k4i D c1;i C c2;i

(58)
k5i D c3;i ; k6i D ¡c4;i ; k7i D ¡c3;i ; k8i D c3;i C c4;i

in which the coef� cients c j;i are the coef� cientsof the shifting func-
tions. If the functions in Eq. (A9) can be integrated analytically, the
exact stiffness matrix is obtained. Otherwise, an accurate solution
can be easily obtained by using the numerical integration method.
If the beam is unpretwisted, the following reduced matrix relation,
which is the same as that given by Friedman and Kosmatka,17 can
be obtained:

&

666$

¡Qz.0/

Mz.0/

Q z.1/

¡Mz.1/

’

777%

D 1

·

&

666$

!2.1/ !1.1/ ¡!2.1/ w2.1/

!1.1/ !1.1/ ¡ w1.1/ ¡!1.1/ w1.1/

¡!2.1/ ¡!1.1/ !2.1/ ¡w2.1/

w2.1/ w1.1/ ¡w2.1/ w2.1/ ¡ w1.1/

’

777%

£

&

6666666$

w¤.0/

dw¤.0/

d»

w¤.1/

dw¤.1/

d»

’

7777777%
(59)

where · D !1.1/w2.1/ ¡ !2.1/w1.1/. Moreover, if the beam is of
uniform cross section, the matrix relation (59) is further reduced to
be the same as that given by Paz.18

Example 3
We investigate the vibration control of a pretwisted beam with

boundary inputs. It is assumed that the beam is subjected to exter-
nal harmonic transverse concentrated forces. The frequency of the
boundary control inputs is the same as that of the external forces.
The external forces and boundary inputs are

P.»; ¿ / D OP sin $¿±.» ¡ »0/; Q.»; ¿/ D OQ sin $¿±.» ¡ »0/

(60)
NF i .¿ / D OFi sin $¿; i D 1; 2; : : : ; 8

where thecoef� cients OP and OQ aregivenand OFi are to bedetermined.
If the transient response from the initial conditionsis neglected, the
general dynamic solution (15) is reduced to the following steady
solution:

W .»; ¿ / D OW .» / sin $¿

D OPW ¤
p .» / C OQW ¤

q .» / C
8

i D 1

OFi W
¤
i .» / sin $¿

(61)
V .»; ¿/ D OV .» / sin $¿

D OPV ¤
p .» / C OQV ¤

q .» / C
8

i D 1

OFi V
¤
i .» / sin $¿

where

W ¤
p .» / D

1

n D 1

NA p;n Own.» /

32
n ¡ $ 2

; W ¤
q .» / D

1

n D 1

NAq ;n Own.» /

32
n ¡ $ 2

V ¤
p .» / D

1

n D 1

NAp;n Ovn.» /

32
n ¡ $ 2

; V ¤
q .» / D

1

n D 1

NAq;n Ovn.» /

32
n ¡ $ 2

(62)

W ¤
i .» / D gi .» / C

1

n D 1

NAi;n Own.» /

32
n ¡ $ 2

V ¤
i .» / D Ngi .» / C

1

n D 1

NAi;n Ovn.» /

32
n ¡ $ 2
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in which

NA p;n D
Own.»0/

"n
; NAq;n D

Ovn.»0/

"n

NAi;n D
$ 2

"n

1

0

M .» /[ Own.» /gi .» / C Ovn.» / Ngi .» /] d» (63)

i D 1; 2; : : : ; 8

If the displacements at » D »1 are controlled to be zero, the
following two conditions are obtained from Eq. (61):

8

i D 1

OFi W
¤
i .»1/ D ¡ OPW ¤

p .»1/ ¡ OQW ¤
q .»1/

(64)
8

i D 1

OFi V
¤

i .»1/ D ¡ OPV ¤
p .»1/ ¡ OQV ¤

q .»1/

One can choose only two boundary inputs to satisfy the conditions.
If the m th and nth inputs are chosen, the correspondingcoef� cients
of the boundary inputs are obtained:

OFm

OFn

D ¡
W ¤

m .»1/ W ¤
n .»1/

V ¤
m.»1/ V ¤

n .»1/

¡1 OPW ¤
p.»1/ C OQW ¤

q .»1/

OPV ¤
p .»1/ C OQV ¤

q .»1/

(65)
OFi D 0; i 6D m; n

Similarly, if the displacements at » D »1 and »2 are controlled to
be zero, one can choose the j th, kth, mth, and nth boundary in-
puts to satisfy the conditions.The correspondingcoef� cients of the
boundary inputs are obtained:

&

6666$

OF j

OFk

OFm

OFn

’

7777% D ¡

&

666$

W ¤
j .»1/ W ¤

k .»1/ W ¤
m .»1/ W ¤

n .»1/

W ¤
j .»2/ W ¤

k .»2/ W ¤
m .»2/ W ¤

n .»2/

V ¤
j .»1/ V ¤

k .»1/ V ¤
m .»1/ V ¤

n .»1/

V ¤
j .»2/ V ¤

k .»2/ V ¤
m .»2/ V ¤

n .»2/

’

777%

¡1

£

&

6666$

OPW ¤
p .»1/ C OQW ¤

q .»1/

OPW ¤
p .»2/ C OQW ¤

q .»2/

OPV ¤
p .»1/ C OQV ¤

q .»1/

OPV ¤
p .»2/ C OQV ¤

q .»2/

’

7777% ; OFi D 0

i 6D j; k; m; n (66)

If the eight coef� cients OFi of the boundary control inputs are taken
in a similar manner, the displacements at arbitrary four positions
can be controlled to be zero.

For investigating the vibration control of the beam further,
the steady response of three kinds of cantilever tapered beams
with different pretwist angles, i.e., 1) µ D »8, 2) µ D » 28, and
3) µ D ».2¡»/8, subjected to a concentrated harmonic transverse
force without boundary control is discussed. The corresponding
steady response will be

W .»; ¿ / D OPW ¤
p .» / sin $¿; V .» ; ¿ / D OPV ¤

p .» / sin $¿

(67)

It is shown in Fig. 2 that the in� uence of the tip pretwist angle 8
on the tip amplitudes of case 3 is greatest and on those of case 2 is
weakest. It is concludedthat a greater variationof the pretwist angle
near the root of the beam providesa greater in� uence for a given tip
pretwist angle.

The vibration control of the cantilever tapered beam with the
pretwist angle µ D »¼ , discussed earlier, is investigated with three
kinds of boundary control methods. First, if only the tip displace-
ments are controlled to be zero and the second and fourth bound-
ary inputs are taken, the corresponding coef� cients of the bound-
ary inputs are obtained from Eq. (65), i.e., OF2 D ¡0:04757; OF4 D
¡0:01920; OF j D 0; j 6D 2; 4. Second, if the � rst and third boundary

Fig. 2 In� uence of the tip pretwist angle U on the tip response of a can-
tilever beam subjected to a harmonic concentrated transverse force:
P(»; ¿ ) = 0:003 sin¿ ±(» ¡¡ 0:5), Q(»; ¿ ) = 0, ÅFi(¿ ) = 0, B yy = (1 ¡¡
0:1») cos2µ ++ 100(1 ¡¡ 0:1»)3 sin2µ, Bzz = 100(1 ¡¡ 0:1»)3cos2µ ++ (1 ¡ ¡
0:1») sin2µ, and Byz = [50(1 ¡¡ 0:1»)3 ¡¡ 0:5(1 ¡¡ 0:1»)] sin2µ: ——,
ÃW(1), and – – –, ÃV(1).

Fig. 3 In� uence of three kinds of boundary control methods on the
displacements of a cantilever beam: P(»; ¿ ) = 0:003 sin¿ ±(» ¡¡ 0:5),
Q(»; ¿ ) = 0; ——, ÃW(»); – – – , ÃV(»); a, ÅFi(¿ ) = 0, i = 1; 2; : : : ; 8; b, ÃF2 =
¡¡ 0:04757; ÃF4 = ¡¡ 0:01920; ÃFj = 0, j 6 = 2; 4; c, ÃF1 = ¡¡ 0:04850; ÃF3 =
¡¡ 0:01898; ÃFj = 0; j 6 = 1; 3; and d, ÃF1 = ¡ ¡ 0:05526; ÃF2 = 0:00665; ÃF3 =
¡¡ 0:02491; ÃF4 = 0:00594; ÃFj = 0; j 6 = 1; 2; 3; 4.

inputs are taken, the corresponding coef� cients of the boundary
inputs are also obtained from Eq. (65), i.e., OF1 D ¡0:04850; OF3 D
¡0:01898; OF j D 0; j 6D 1; 3. Finally, if the displacementsat » D 0:3
and 1 are controlled to be zero, the corresponding coef� cients
of the boundary inputs are obtained from Eq. (66), i.e., OF1 D
¡0:05526, OF2 D 0:00665; OF3 D ¡0:02491; OF4 D 0:00594, OF j D 0,
j 6D 1; 2; 3; 4. It is shown in Fig. 3 that the displacements obtained
by using the � rst method are larger than those obtained by using the
second one and the third one. Moreover, the displacementsobtained
by using the third method are smaller than those obtained by using
the � rst one and the second one.

Summary
The governing differential equations with the general time-

dependent elastic boundary conditions for the coupled bending–

bending vibration of a pretwisted nonuniform beam are derived by
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Hamilton’s principle.A solutionprocedureto studythedynamic res-
ponse of the beam with arbitrarypretwist is proposed.The physical
meaningsof the shiftingfunctionsare revealed.The self-adjointness
of the system is proved. The orthogonalitycondition for the eigen-
functions of a nonuniform pretwisted beam with elastic boundary
conditions is derived. The stiffness matrix for a nonuniform beam
with arbitrary pretwist is derived. As the coef� cients of the matrix
can be integrated analytically, the exact stiffness matrix is, there-
fore, obtained.The greater the variation is of the pretwist angle near
the root of a cantilever beam subjected to a transverse force, the
greater the in� uence of pretwist for a given tip pretwist angle. For
the steadymotionof a beam subjectedto an externalharmonictrans-
verse force, its displacementsat an arbitrary four or fewer positions
can be controlled to be zero at the same time by taking boundary
inputs.

Appendix: Shifting Functions
Case 1: General Case

The system composed of Eqs. (16–25) in terms of the shifting
functions presents the static problem of a pretwisted nonuniform
beam subjected to unit end restraints. The shifting functions gi and
Ngi are the static de� ections in the z and y directions, respectively,
of a generally elastically restrained pretwisted beam subjected to a
unit transformed moment or a unit transformed shear force at the
ends, respectively.When the rotational spring constant is in� nity or
zero, the unit transformed moment is a unit end slope or a unit end
moment. When the translational spring constant is in� nity or zero,
the unit transformed shear force is a unit end displacementor a unit
end shear force.

The corresponding negative shear forces and moments are ob-
tainedby integratingEqs. (16) and (17)onceand twice, respectively:

¡Qz;i .» / D d
d»

³
Byy

d2gi

d» 2

´
C d

d»

³
Byz

d2 Ngi

d» 2

´
D c1;i (A1)

¡Mz;i .» / D Byy
d2gi

d» 2
C Byz

d2 Ngi

d» 2
D c1;i » C c2;i (A2)

¡Q y;i .» / D d

d»

³
Bzz

d2 Ngi

d» 2

´
C d

d»

³
Byz

d2gi

d» 2

´
D c3;i (A3)

¡My;i .» / D Bzz
d2 Ngi

d» 2
C Byz

d2gi

d» 2
D c3;i » C c4;i (A4)

Obviously, the coef� cients c1; c2; c3, and c4 are the negative shear
forces and the negative moments in the z and y directions at the
left end, respectively.The shifting functions can be obtained easily
from Eqs. (A2) and (A4):

dgi

d»
D c1;i !1.» / C c2;i !2.» / C c3;i !3.» / C c4;i !4.» / C c5;i (A5)

gi .» / D c1;i w1.» / C c2;i w2.» / C c3;i w3.» / C c4;i w4.» / C c5;i » C c6;i

(A6)
d Ngi

d»
D c1;i À1.» / C c2;i À2.» / C c3;i À3.» / C c4;i À4.» / C c7;i (A7)

Ngi .» / D c1;i v1.» / C c2;i v2.» / C c3;i v3.» / C c4;i v4.» / C c7;i » C c8;i

(A8)
where

!1.» / D
»

0

³ Bzz.³ /

Bzz.³/Byy .³ / ¡ B2
yz.³ /

d³

!2.» / D
»

0

Bzz.³ /

Bzz.³/Byy .³ / ¡ B2
yz.³ /

d³

!3.» / D À1.» / D
»

0

³ Byz.³ /

B2
yz.³ / ¡ Bzz.³ /Byy .³ /

d³

!4.» / D À2.» / D
»

0

Byz.³/

B2
yz.³ / ¡ Bzz.³ /Byy .³ /

d³

À3.» / D
»

0

³ Byy.³ /

Bzz.³/Byy .³ / ¡ B2
yz.³ /

d³

À4.» / D
»

0

Byy.³ /

Bzz.³/Byy .³ / ¡ B2
yz.³ /

d³

w j .» / D
»

0
! j .³/ d³; v j .» / D

»

0
À j .³ / d³

j D 1; 2; 3; 4 (A9)

Substituting Eqs. (A1–A9) into Eqs. (18–25), the coef� cients of
the shifting functions are obtained:

&

666$

c1;i

c2;i

c3;i

c4;i

’

777% D

&

666$

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

’

777%

¡1

£

&

666$

±i5 ¡ .°51=°11/±i1

±i6 ¡ .°61=°11/±i1 ¡ .°61=°21/±i2

±i7 ¡ .°71=°31/±i3

±i8 ¡ .°81=°31/±i3 ¡ .°81=°41/±i4

’

777%

(A10)
c5;i D .1=°11/.±i1 C°12c2;i /; c6;i D .1=°21/.±i2 ¡°22c1;i /

c7;i D .1=°31/.±i3 C°32c4;i /; c8;i D .1=°41/.±i4 ¡°42c3;i /

where

a11 D °51!1.1/ C °52; a12 D °51!2.1/ C °52 C .°51=°11/°12

a13 D °51!3.1/; a14 D °51!4.1/

a21 D °61w1.1/ ¡ °62 ¡ .°61=°21/°22

a22 D °61w2.1/ C .°61=°11/°12; a23 D °61w3.1/

a24 D °61w4.1/; a31 D °71À1.1/; a32 D °71À2.1/ (A11)

a33 D °71À3.1/ C °72

a34 D °71À4.1/ C °72 C .°71=°31/°32; a41 D °81v1.1/

a42 D °81v2.1/; a43 D °81v3.1/ ¡ °82 ¡ .°81=°41/°42

a44 D °81v4.1/ C .°81=°31/°32

Case 2: Clamped–Free
For this case, °11 D °21 D °31 D °41 D °52 D °62 D °72 D °82 D 1,

°12 D °22 D °32 D °42 D °51 D °61 D °71 D °81 D 0, and the shifting
functions are

g1 D »; g2 D 1; g3 D g4 D 0; g5 D w2.» /

(A12)
g6 D ¡w1.» /; g7 D w4.» /; g8 D ¡w3.» / C w4.» /

Ng1 D Ng2 D 0; Ng3 D »; Ng4 D 1; Ng5 D v2.» /

(A13)
Ng6 D v1.» /; Ng7 D v4.» /; Ng8 D ¡v3.» / C v4.» /

Case 3: Clamped–Clamped
For this case, °11 D °21 D °31 D °41 D °51 D °61 D °71 D °81 D 1,

°12 D °22 D °32 D °42 D °52 D °62 D °72 D °82 D 0, and the shifting
functions are

g1 D ¡.d11 C d12/w1.» / ¡ .d21 C d22/w2.» /

¡ .d31 C d32/w3.» / ¡ .d41 C d42/w4.» / C »

g2 D ¡[d12w1.» / C d22w2.» / C d32w3.» / C d42w4.» /] C 1
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g3 D ¡.d13 C d14/w1.» / ¡ .d23 C d24/w2.» /

¡ .d33 C d34/w3.» / ¡ .d43 C d44/w4.» /

g4 D ¡[d14w1.» / C d24w2.» / C d34w3.» / C d44w4.» /]

g j C 4 D d1 j w1.» / C d2 j w2.» / C d3 j w3.» / C d4 j w4.» /

j D 1; 2; 3; 4 (A14)

Ng1 D ¡.d11 C d12/v1.» / ¡ .d21 C d22/v2.» /

¡.d31 C d32/v3.» / ¡ .d41 C d42/v4.» /

Ng2 D ¡[d12v1.» / C d22v2.» / C d32v3.» / C d42v4.» /]

Ng3 D ¡.d13 C d14/v1.» / ¡ .d23 C d24/v2.» /
(A15)

¡ .d33 C d34/v3.» / ¡ .d43 C d44/v4.» / C »

Ng4 D ¡[d14v1.» / C d24v2.» / C d34v3.» / C d44v4.» /] C 1

Ng j C 4 D d1 j v1.» / C d2 j v2.» / C d3 j v3.» / C d4 j v4.» /

j D 1; 2; 3; 4

where
&

666$

d11 d12 d13 d14

d21 d22 d23 d24

d31 d32 d33 d34

d41 d42 d43 d44

’

777% D

&

666$

!1.1/ !2.1/ !3.1/ !4.1/

w1.1/ w2.1/ w3.1/ w4.1/

À1.1/ À2.1/ À3.1/ À4.1/

v1.1/ v2.1/ v3.1/ v4.1/

’

777%

¡1

(A16)

Acknowledgment
The support of the National Science Council of Taiwan, Repub-

lic of China, is gratefully acknowledged(Grant Nsc85-2212-E168-
001).

References
1Rosen, A., “Structural and Dynamic Behavior of Pretwisted Rods and

Beams,” Applied Mechanics Review, Vol. 44, No. 12, 1991, pp. 483–515.
2Nothmann, G. A., “Vibration of a Cantilever Beam with Prescribed End

Motion,” Journal of Applied Mechanics, Vol. 15, No. 2, 1948, pp. 327–334.

3Mindlin, R. D., and Goodman, L. E., “Beam Vibrations with Time-
Dependent Boundary Conditions,” Journal of Applied Mechanics, Vol. 17,
No. 4, 1950, pp. 377–380.

4Grant, D. A., “Beam Vibrations with Time-Dependent Boundary Condi-
tions,” Journal of Sound and Vibration, Vol. 89, No. 4, 1983, pp. 519–522.

5Lee, S. Y., and Lin, S. M., “Dynamic Analysis of Non-Uniform Beam
with Time Dependent Elastic Boundary Conditions,” Journal of Applied
Mechanics, Vol. 63, No. 2, 1996, pp. 474– 478.

6Herrmann, G., “Forced Motions of Timoshenko Beams,” Journal of Ap-
plied Mechanics, Vol. 22, No. 1, 1955, pp. 53–56.

7Berry, J. G., and Nagdhi, P. M., “On the Vibration of Elastic Bodies
Having Time-Dependent Elastic Boundary Conditions,” Quarterly of Ap-
plied Mathemetics, Vol. 14, No. 1, 1956, pp. 43–50.

8Lee, S. Y., and Lin, S. M., “Nonuniform Timoshenko Beams with Time
Dependent Elastic Boundary Conditions,” Journal of Sound and Vibration
(to be published).

9Sabuncu, M., “Coupled Vibration Analysis of Blades with Angular
Pretwist of Cubic Distribution,” AIAA Journal, Vol. 23, No. 9, 1985, pp.
1424–1430.

10Gupta, R. S., and Rao, J. S., “Finite Element Eigenvalue Analysis of
Tapered and Twisted Timoshenko Beams,” Journal of Sound and Vibration,
Vol. 56, No. 2, 1978, pp. 187–200.

11Dawson, B., and Carnegie, W., “Modal Curves of Pre-Twisted Beams
of Rectangular Cross-Section,” Journalof MechanicalEngineering Science,
Vol. 11, No. 1, 1969, pp. 1–13.

12Subrahmanyam, K. B., and Rao, J. S., “CoupledBending–BendingCan-
tilever Beams Treated by the Reissner Method,” Journal of Sound and Vi-
bration, Vol. 82, No. 4, 1982, pp. 577–592.

13Celep, Z., and Turhan, D., “On the In� uence of Pretwisting on the Vi-
bration of Beams Including the Shear and Rotatory Inertia Effects,” Journal
of Sound and Vibrations, Vol. 110, No. 3, 1986, pp. 523–528.

14Rosard, D. D., and Lester, P. A., “Natural Frequencies of Twisted Can-
tilever Beams,” Journal of Applied Mechanics, Vol. 20, June 1953, pp. 241–

244.
15Rao, J. S., and Carnegie, W., “A Numerical Procedure for the Determi-

nation of the Frequencies and Mode Shapes of Lateral Vibration of Blades
Allowing for the Effect of Pre-Twist and Rotation,” InternationalJournal of
Mechanical Engineering Education, Vol. 1, No. 1, 1973, pp. 37– 47.

16Lin, S. M., “Vibrations of Elastically Restrained Nonuniform Beams
with Arbitrary Pretwist,” AIAA Journal, Vol. 35, No. 11, 1997, pp. 1681–

1687.
17Friedman, Z., and Kosmatka, J. B., “Exact Stiffness Matrix of a

Nonuniform Beam—I. Extension, Torsion, and Bending of a Bernoulli–
Euler Beam,” Computers and Structures, Vol. 42, No. 5, 1992, pp. 671–682.

18Paz, M., Structural Dynamics: Theory & Computation, D. Van Nos-
trand, Princeton, NJ, 1980, pp. 231–237.

A. Berman
Associate Editor


