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Pretwisted Nonuniform Beams with Time-Dependent
Elastic Boundary Conditions

Shueei Muh Lin*
Kung Shan Institute of Technology, Tainan, Taiwan 710, Republic of China

The governing differential equations with the nonhomogeneoustime-dependent elastic boundary conditions for
the coupled bending-bending vibration of a pretwisted nonuniform beam are derived by Hamilton’s principle. By
taking a general change of dependent variable with shifting functions, the original system is transformed to be
a system composed of two nonhomogeneous governing differential equations and eight homogeneous boundary
conditions. Consequently, the method of separation of variables can be used to solve the transformed problem. The
physical meanings of these shifting functions are explored. The orthogonality condition for the eigenfunctions of a
pretwisted nonuniformbeam with elastic boundary conditionsis also derived. The stiffness matrix for a nonuniform
beam with arbitrary pretwist is derived. As the coefficients of the matrix can be integrated analytically, the exact
stiffness matrix is, therefore, obtained. The relation between the shifting functions and the stiffness matrix is
derived. The influence of the pretwist angle on the dynamic response of the beam is studied. The vibration control

of a pretwist beam with boundary inputs is investigated.

Nomenclature
A = cross-sectional area of the beam
B;; = dimensionless bending rigidity,
E(x)l,-j(x)/[E(O)I},),(O)], i,j=x,y
E = Young’s modulus of beam material
F,, F,, F5, F,, =dimensionlessslopes, displacements,
Fs, Fg, F5, Fg, external moments, and shear excitations at

F}, F5, F}, Fy,
F: FE FFg

the left and right of the beam in the y and
z directions, respectively, fi, fo/L, f3, fa/L,
S5 fo/L. fr. fs/L. [FL/IE©)],, 0)],
FEL2/IEOT, (0], £ L/IEO)],(0)],
Fi L2 IE©) Ly (O)]. £ L/IEO),,(0)],
FELJLEO)1, (0], f7L/LEO)],0)],
Fe L2 /IEO) L,y (0)]

= slopes, displacements, external moments,
and shear excitations at the left and right of
the beam in the y and z directions,
respectively

= area moment inertia of the beam

Jis fas f35 4,
fs. Jou fr. S
I 51
{5*’ fe I f§

Kyrr, Kyors = translational and rotational spring constants
Kyrr, Kyor, at the left and the right end of the beam in
K.r1, Ky, the y and z directions, respectively
K.rr, Koor
L = length of the beam
M = dimensionless mass, p(x)A(x)/[p(0)A(0)]
P, O = dimensionless external transverse loads in the
y and z directions, respectively,
p(x. L /LEO) L, (0)],
q(x. )L* /[E(0)],,(0)]
P, q = external transverse loads in the y and z
directions, respectively
T = kinetic energy
t = time variable
U, v, w = beam lateral displacementsin the x, y, and z

directions, respectively

vV, W = dimensionlesslateral displacementsin the y
and z directions, respectively,v/L, w/L

X, Y, Z = principal frame coordinates

X,¥,2 = fixed frame coordinates
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Bi, B2, B3, Bs, = dimensionlessrotational and translational

Bs, Bs, B, Bs spring constants at the left and right of
the beam in the y and z directions,
respectively, K o L/[E(0)I,,(0)],
K.r L /IE0)1,,(0)], K9 L/TE(0)1,,(0)],
K, L /[E(0)],,(0)], Ko L/[E(0)1,,(0)],
K.rrL*/[E(0)1,,(0)], K\ L/[E(0)1,,(0)],
K,rrL?/[E(0)1,,(0)]

0 = angle between principal and fixed frames

A? = dimensionless natural frequency,
mO)QL/[EO0)]1,,(0)]

& = dimensionless distance to the left end of the
beam, x /L

I = total potential energy

P = mass density per unit volume

Oy Exx = normal stress and strain in the x direction,
respectively

T = dimensionless time,
(t/L)IE(0)1,,(0)/p(0)A(0)]

P = tip pretwist angle of the beam, 6(L)

Q = natural frequency

[ = dimensionless excitation frequency

Introduction

HE dynamic analysis of the pretwisted beams is important

in the design of a number of engineering components, e.g.,
turbineblades, helicopterrotorblades,and gear teeth. An interesting
review of the subject can be found in the paper by Rosen.! The
forced vibration problem of a pretwisted nonuniform beam with
general elastic time-dependent boundary conditions is common in
engineeringapplications.Thus, itis necessaryto developan accurate
and simple method to solve this complicated problem and to find its
performance.

The vibrations of unpretwisted uniform Bernoulli-Euler beams
with classical time-dependentboundary conditionscan be solved by
using the method of Laplace transform’ and the method of Mindlin-
Goodman® (also see Ref. 4). In the Mindlin-Goodman method, a
change of dependent variable together with four shifting polyno-
mial functions of fifth order is introduced. In general, by properly
selecting these shifting polynomial functions, the original system
will be transformed to a system composed of a nonhomogeneous
governing differential equation with four homogeneous boundary
conditions. Consequently,the method of separation of variablescan
be used to solve the problem. The dynamic analysis of a nonuni-
form Bernoulli-Euler beam with general time-dependentboundary



conditions was given by Lee and Lin.’ They generalized the method
of Mindlin-Goodman and introduced four shifting functions with
the physical meaning instead of those functions with no physi-
cal meaning given by Mindlin and Goodman.}> The vibrations
of unpretwisted uniform Timoshenko beams with classical time-
dependent boundary conditions were studied by Herrmann® and
Berry and Nagdhi’ by using the method of Mindlin-Goodman. Lee
and Lin® extended their previous study’® and further generalized the
method of Mindlin-Goodman to develop a solution procedure for
studing the vibrations of an unpretwisted nonuniform Timoshenko
beam with general time-dependentboundary conditions.

Approximation methods are very useful tools to investigate the
free vibrations of pretwisted beams, where exact solutions are dif-
ficult to obtain even for the simplest cases. These methods are
the finite element method,” '® the Rayleigh-Ritz method,'' the
Reissner method,'? the Galerkin method,"? and the transfer matrix
method.'* !¢ Rosard and Lester'* assumed that the displacements
at each element were linear. Rao and Carnegie'® used an iteration
procedureto determine the displacements at each element. Lin'¢ de-
rivedthe exactfield transfermatrix of a nonuniformpretwisted beam
with arbitrary pretwist without an iteration procedure and studied
the performance of a beam with elastic boundary conditions. No
research has been devoted to the forced vibration of the pretwisted
beam with time-dependent elastic boundary conditions.

In this paper, the previous studies by Lee and Lin® and Lin'® are
extended. The governingdifterentialequations with time-dependent
elastic boundary conditionsfor the coupledbending-bending vibra-
tion of a pretwisted nonuniform beam are derived by Hamilton’s
principle. A solution procedure for studying the dynamic behav-
ior of the system is developed by using the method of Mindlin-
Goodman, and the eigensolutionsof the system are obtained by us-
ing the modified transfer method given by Lin.'® A general change
of dependent variable with shifting functions is introduced, and the
physical meanings of these shifting functions are further explored.
The orthogonality condition for the eigenfunctionsof a nonuniform
pretwisted beam with elastic boundary conditions is also derived.
The stiffness matrix for a nonuniformbeam with arbitrary pretwist
is derived. The relation between the shifting functions and the stiff-
ness matrix is derived. The influence of the pretwist angle on the
dynamic response of the beam is studied. The vibration control of
a pretwist beam with boundary inputs is investigated.

Governing Equations and Boundary Conditions

Considerthe forced vibrationproblemof a pretwistednonuniform
beam with time-dependentelastic boundary conditions as shown in
Fig. 1. Neither shear deformation nor rotatory inertia is considered.
The displacement fields of the beam are

v=uv(x,1), w=wx,1) (1)
The total potential energy IT and the kinetic energy T of the beam
are
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Application of Hamilton’s principle yields two coupled governing
differential equations and eight time-dependent elastic boundary
conditions.

The two coupled dimensionless governing differential equations
of the system are written as
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and the associated dimensionless time-dependentelastic boundary
conditions are given follows.
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Fig. 1 Geometry and coordinate system of a pretwisted nonuniform beam with time-dependent elastic boundary conditions.
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)} = Fi(z) (8)

) = Fs(t)
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Y51 9E V52

0 W 0 9%V -
Ya W — Vsz[a—%_ (Byy_aé;_z ) + a—$<3ﬂ—a$2 )] = Fe(r) (10)
A% 92V 92w -
y71¥+y72<3zza_$2+3yza_§z> = F4(7) (1D
0 9%V 0 RRa % -
a1V — )/82|:aS (Bzz 852 ) + a_$<Byz 852 )] = Fg(r) (12)

where
Fi(t)=yaFi(v) + )/izF,-*(T)

vir = [B:/(1 + B, Yo = [1/(1 + B)]

When the dimensionlesstranslationalspring constantis infinity or
zero, the time-dependentdisplacementor the time-dependentshear
force is prescribed. If the dimensionless rotational spring constant
is infinity or zero, the time-dependent slope or the time-dependent
moment is prescribed.

The associateddimensionlessinitial conditions of the motion are

(13)

W, 0) = Wo(8), V(£,0) = Vo(§)
(14)
oW (E,0 . aV(, Q0 .
HED _ Wo (&), PED _ Vo)
at at
Solution Method
Change of Variable

To find the solution for these differential equations with variable
coefficients and nonhomogeneouselastic boundary conditions, one
generalizes the method given by Lee and Lin® by taking

8
WE 1) =wE 1)+ Y Fi(1)g()
i=1

. (15)
VE D =06 1)+ ) Fi(D)§E)

i=1

where the shifting functions g; (§) and g;(£) are chosen to satisfy
the following two differential equations:

d2 ngt_ d2 dZ—[_
—| B,,— —| B,.— | = 16
d52<”d52>+d52<"d52> (1o
d? d’g; d? d’g;
—(Bzz—g>+—<Byz—g>:O, i=1,2,....8 (17
dg? dg? dg? dg?
and the following boundary conditions.
Até =0,
dg; dzgi dzg'i
)/IIE - y12<Byyd_é__2 + B}'z@ = d1 (18)
+ym| S (B dzg">+ d (B dzE”) =5, (19
Y218i Y22 d%— yy d%—z d%— yz d%—z — Oi2
dg; dzg'i dzgi
—_— - B.—+B,— ) =4 20
Vg )/32< ST + By. a2 3 (20
d?g; d dzé’i)
g + B.—|+—|B,.— ) |=4 21
Y418 )/42|:d$< 22 d§2> d§< vz g2 4 @2n
Até =1,
dg; d’g d2g;
— + B,—+B,,— | =6 22
V51 & Vsz( VY g2 vz g2 5 (22)

[d‘l(

d’g; d
g ) * s(

Y618i —
d_ d’g; dzé’i)
+ B.,— +B,,— | =
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VY818 — V82 aE 2z g2 dE

&g
i ﬂ S 3

8i7 (24)
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where §;; is a Kronecker symbol. The shifting functions are derived
and their physical meanings are discussed in the Appendix. After
substituting Eqs. (15-25) into Egs. (3-13), one has the following
differential equations in terms of w (&, t) and v(§, 7):

82 32w 82 3% Pw
i (05 )+ i (g )+ —re 9
3? 3% 3? 32w GRS
w5 (0ds) tam(nag) g -ae o o
where
pE, 1) =PE 1) - M(E)Z g,@)
i=1 (28)
Q) =0¢ 1) - M(E)Z ’g, &)
i=1
and the following associated homogeneous boundary conditions.
At =0,
G 3% 3’0
) 3% ) %0
ey (0.5 ) 5 (i) -0 o
3D 3’0 3%
)’318—%_ _)/32<Bzza_é__2+Byza_%_2> =0 31
) %% ) 3%
i g5 (25 ) 5 (238 [ =0
At =1,
G GRI 3’0
ysi % + y52<Byya—;f + Byza—;> =0 (33)
_ 3% ) %0
oo g (0.5 ) o (i) 0
3D 3’0 3%
y713_§ +yn (B“a_g + B"Za_é,:2> =0 (35)
) %% ) 3%
mimgg (93 15 (05 ) | =0 e
The transformed initial conditions (15) become
8
B(E, 0) = Wo&) — Y Fi(0)g:(E)
i=1
8 —
v(§, 0) = V(§) - ZF,-(O)E,-(E)
i=1
(37
dw(&,0) dF;(0)
—— = Wo®) - ; ——&®
AD(E,0) . dF;(0) _
—— =Vo® - Z —— &

i=1



Orthogonality Condition

The solution for Eqs. (26-37), w(&, ), and v(§, T) can be ob-
tained by using the method of eigenfunctionexpansion. The eigen-
functions are specified by the associated homogeneous governing
differential equations and homogeneous boundary conditions.

To derive the orthogonality condition of the eigenfunctions of
the system, one lets A? be the nth eignevalue or the square of the
nth dimensionlessnatural frequency and [w, (§) 0,(£)]7 be the nth
eigenfunctionof the system, where the superscript7 is the transpose
of a matrix. The governing characteristic differential equation can
be expressed as

{11 - A2(m) [’H -0 (38)
where the differential operators [Z] and [M ] are
& ( d? ) d? ( d? )
—(B.— —(B. —
A de2\"Mdez ) dgr\ Tt dg2
=0 RS 69)
d d d d
w(ta) o ()
and
N M) 0
M] = 40
=" o] 0

respectively. The eigenfunctions satisfy the boundary conditions
(29-36). It can be seen that Eq. (38) and the associated boundary
conditions (29-36) take the meaning of the free vibration of an
elasticallyrestrained nonuniformbeam. The eigenfunctionsand the
eigenvalues can be obtained by using the modified transfer matrix
method proposed by Lin.'® It was shown that, as the element of the
field transfer matrix can be integrated anaytically, the exact field
transfer matrix of the system is, therefore, obtained.
Taking the inner product, one can easily show that
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and B vanishes because of the boundary conditions (29-36). Thus,
the self-adjointness of the system is proved. Consequently, the fol-
lowing orthogonality condition is obtained:

0, j#n

. (44)
8’1’ .] =n

1
/ M@E)[W;E)w, (E)+0;(£)0,(5)]dé = {
0
where ¢, is a real number.

Mode Superposition
The solution w(&, t) and v(§, t) specified by Egs. (26-37) can
be expressed in the following eigenfunction expansion form:

w(E, 1) 0 W, (§)
= T
[ﬁ@, r)} 2T [ﬁ,,@)]

n=1

(45)

Substituting it back to the governing equations (26-28) and the
initial conditions (37), multiplying by [w,(§) 0,(£)], and inte-
grating in accordance with the orthogonality condition (44), one
obtains

&1,

1
a2 + AT, = —/0 (W, (E)PE, 7) + 0,(6)q(E, 1)1 dE  (46)

The correspondinginitial conditions are

1! N _ N _
T,(0) = 8—/ ME)w. (E)w(E, 0) + v, (5)v(E,0)]ds  (47)
n JO

dT, (0 0 0 0 0
¢=—/M<5)[ W)= w(s ) 40, ”(5 )}ds (48)

The solution is

1 d7,(0
T.(t) =T,(0)cosA, T + — © sin A, T
A, dr
1 . .
+ ™ P,(¢)sin A, (Tt —¢)d¢ (49)
n J0

where p(£) is the forced term in Eq. (46). After substituting Eq.
(49) backinto Eq. (45), the general forced response of the beam with
time-dependent boundary conditions is finally obtained by substi-
tuting the shifting functions (A6) and (A8) listed in the Appendix
and the solution (45) into Egs. (15).

Results and Discussion

Toillustratethe applicationofthe method and explorethe physical
phenomena of the system, the following examples are presented.

Example 1

Consider the vibration of a clamped-hinged uniform untwisted
beam subjected to a displacement time-dependent excitation Fg =
0.017% at the right end of the beam. For convenience, one
takes the initial conditions as Wy(&) = Wy(§) =0 and transverse
forces P(§,7)=Q(, 1)=0. Therefore, F;=0,i # 6, and

Fr=0,j=1,2,...,7, 8. The governingcharacteristicdifferential
equatlon (38) is reduced to

d*w, 5 A

— - Aw, =0 50)

dg+
Its four fundamental solutions are obtained:
Wy, = %(cosh«/A,,é;‘ + cos «/A,,é;‘)
Wa, = (1/24/A,)(sinh/A,& + siny/A,£)
(1)

., = (1/2A,) (coshy/A, & —
s, = (1/283)(sinh /A, & —

cos /AE)
sin \/A_,,é;‘)
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which satisfy the normalization condition
ﬁ)l.n (O) ﬁ)Z.n (O) ﬁ)3.n(0) ﬁ)4.r1 (O) 1 0 00
7,0 ), 0) @;,0) @,0) | 0 1 00
@y, 0) @y, @,0 B0 | [0 0 10
wi’ (0) Wy, (0) Wy, (0) ﬁ)j{’n 0) 0 0 01
(52)
The homogeneous solution of Eq. (50) can be expressed as
ﬁ)n(g) = Cl.nﬁ)l.n + Con ﬁ)Z.n + C3.nﬁ)3.n + C4.n ﬁ)4.n (53)

where ¢, ,, ¢2.., C3.1, and ¢, , are four constants to be determined.
After substituting Eq. (53) into the associated boundary conditions,
the following frequency equation is obtained:

s, (D, (1) = by, (DBY,,(1) = 0 (54)
The eigenvaluesof the beam can be obtained by finding the roots of
the frequency equation. The transient solution can be expressed by
using the proposed method as follows:

W, 1) = 0.017°g(&) + 2 e (1 — cos AT E) (55)
where -
8 %é‘z - %53
(56)
P =

1 1
—o.oz[ /0 w,,@)gf,(s)ds} / [ /0 @5(5)&?}

Its numerical results are listed in rows a of Table 1. The resultsin
rows b are determined from Eq. (55), with the eigenvalues A; and
the eigenfunctionsw; derived by using the modified transfer matrix
method given by Lin.!¢ Those in rows ¢ and d are obtained by Lee
and Lin® and Grant,* respectively. As can be seen, these results are
very consistent.

Example 2

To establish the element stiffness matrix of a nonuniform beam
with arbitrary pretwist, the static deflection curves of the beam sub-
jected only to a unit displacementor a unit slope at either end of the
beam segment have to be determined. However, it is known from
the meanings of the shifting functions explored in the Appendix
that these deflection curves are just the shifting functions g; (§) and
g: (&) for the clamped-clamped beam listed in case 3 of the Ap-
pendix. Thus, the element stiffness matrix relation can be written as

[—Q:(OM.(0)Q.(1) = M.(1) = Q,(OM,(0)Q,(1) — M, (D]

(1)}

(57)

dw*(0)

dv*(0) dw*(1)
= [kij]8><8|: dg

w*(0) i v*(0) P

dv*(1)
3

w*(1)

Table1 Dynamic response of clamped-hinged uniform untwisted
beams subjected to a displacement excitation at the right end®

T £=02 £=04 £=06 £=08 £=1.0
1 a 0.0006 0.0021 0.0043 0.0070 0.0100
b 0.0005 0.0020 0.0042 0.0070 0.0100
c 0.0006 0.0020 0.0043 0.0070 0.0100
d 0.0005 0.0020 0.0042 0.0070 0.0100
3 a 0.0050 0.0187 0.0389 0.0634 0.0900
b 0.0050 0.0187 0.0388 0.0633 0.0900
c 0.0050 0.0187 0.0389 0.0634 0.0900
d 0.0050 0.0187 0.0389 0.0633 0.0900
5 a 0.0140 0.0520 0.1080 0.1760 0.2500
b 0.0140 0.0520 0.1080 0.1760 0.2500
c 0.0140 0.0520 0.1080 0.1760 0.2500
d 0.0140 0.0520 0.1080 0.1760 0.2500
AFg = 00112, F = 0,i #6,F; =0,j =1,2,...,7,8 and Wp(€) = Wo(&) =

P&, 1) =0, 1)=0]

LIN

where v* and w* represent the static displacements in the y and z
directions, respectively, and the elements of the stiffness matrix are

ki =cu, kyi = —ca, ks = —cy 4, ki = c1i + ¢
(58)
ks;i = ¢, kei = —cy4;, ks = —c3;, ks = c3,; +ca;

in which the coefficients ¢ ; are the coefficients of the shifting func-
tions. If the functionsin Eq. (A9) can be integrated analytically, the
exact stiffness matrix is obtained. Otherwise, an accurate solution
can be easily obtained by using the numerical integration method.
If the beam is unpretwisted, the following reduced matrix relation,
which is the same as that given by Friedman and Kosmatka,!” can
be obtained:

~0.(0)
M.(0)
0.(1)
—M.(1)
(1) o) —oy) w1
i e e @@ o) w)
o) o) @) —w)
(1) w () —wy() wy(1) —w, (1)
w*(0)
'de*(O)—,
«| % (59)
w*(1)
dw*(1)
d

where k = w;(1)w,(1) — w,(1)w,(1). Moreover, if the beam is of
uniform cross section, the matrix relation (59) is further reduced to
be the same as that given by Paz.'®

Example 3

We investigate the vibration control of a pretwisted beam with
boundary inputs. It is assumed that the beam is subjected to exter-
nal harmonic transverse concentrated forces. The frequency of the
boundary control inputs is the same as that of the external forces.
The external forces and boundary inputs are

P 1) = Psinwts(E — &), 0@, 1) =

i=1,2,...,8

Osinwts(E — &)
_ . (60)
Fi;(r) = F;sinwr,
where the coefficients P and Q are givenand I:", aretobedetermined.
If the transientresponse from the initial conditionsis neglected, the
general dynamic solution (15) is reduced to the following steady
solution:

WE, o) = W(E) sinwt
B 8
=|PW:&) + OWr©) + ZF,-W,-*@)} sinw
- i=1
) (61)
VE,t) =V(E)sinot
B 8
=|PV;E+OVIE) + ) 13",-\/,.*(5)} sinwt
- i=1
where
. SN A, (§) . SN A i, (€)
W= s WeO= e
> A_ IIAH > A_ IIAII
Go-Y R e - ) el
(62)
Wi () = gi(6) + Z z(fz)
n=1
tnvn(g)

ViE) = &i6) + Z

n=1 ’7



in which
A_p.,, - wn(EO)’ A_q.n — UN(EO)
8’1 8’1
_ w? ! _
Ain = 8—/ M &) [w, (§)8i(§) + v,(§)8:(5)]dé (63)
n 0
i=1,2,...,8
If the displacements at £ = & are controlled to be zero, the
following two conditions are obtained from Eq. (61):
8 A A A
D EWiE) = —PWiE) — QW) (&)
) (64)

>

i=1

FVi (&) =—-PViE) - QViE)

One can choose only two boundary inputs to satisfy the conditions.
If the mth and nth inputs are chosen, the corresponding coefficients
of the boundary inputs are obtained:

E]_ [Wa@) Wi T TEWIGE) + OWr &)
E, Vi) Vi@ | | BViE) + 0ViE)
F =0,

(65)
i#m,n

Similarly, if the displacements at £ =&, and &, are controlled to
be zero, one can choose the jth, kth, mth, and nth boundary in-
puts to satisfy the conditions. The correspondingcoefficients of the
boundary inputs are obtained:

>

i WiE) WiE) Wi WrieE)]™
| W& Wi W) WiE)
Eol T I ViE) VEED  ViED VEED
ViE) ViGE) ViE) V&)

PW:E) + OW: (&)
| P+ oW @) o

PVIE) + OV (&)

PVIE) + OV &)

i# j,k,m,n (66)

If the eight coefficients I:", of the boundary control inputs are taken
in a similar manner, the displacements at arbitrary four positions
can be controlled to be zero.

For investigating the vibration control of the beam further,
the steady response of three kinds of cantilever tapered beams
with different pretwist angles, i.e., 1) § =&®, 2) 0 =£2®, and
3) 6 =&(2—&) D, subjected to a concentrated harmonic transverse
force without boundary control is discussed. The corresponding
steady response will be

WE, o) = VE. 1=

PW (&) sinw, PVI@©)sinmt

(67)

It is shown in Fig. 2 that the influence of the tip pretwist angle ®
on the tip amplitudes of case 3 is greatest and on those of case 2 is
weakest. Itis concludedthat a greater variation of the pretwist angle
near the root of the beam provides a greater influence for a given tip
pretwist angle.

The vibration control of the cantilever tapered beam with the
pretwist angle & = &, discussed earlier, is investigated with three
kinds of boundary control methods. First, if only the tip displace-
ments are controlled to be zero and the second and fourth bound-
ary inputs are taken, the corresponding coefficients of the bound-
ary inputs are obtained from Eq. (65), i.e., F, = —0.04757, F, =
—0.01920, F; =0, j # 2, 4. Second, if the first and third boundary
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Fig.2 Influence of the tip pretwist angle @ on the tip response of a can-
tilever beam subjected to a harmonic concentrated transverse force:
P, ) = 0.003sinT 6(¢ — 0.5), Q(g,‘r) =0,Fi(r) =0, B, =0-
0. 1§)cos29 + 100(1 — 0.1£)* sin?6, B, =100(1 — 0.1£) cos20 +Qa-
0. 1¢)sin®6, and | By, = [50(1—0. 1£)* = 0.5(1— 0.1¢)] sin?0: ——,
W), and - - -, V(1).

0.02

0.00

-0.02

—0.04

Fig. 3 Influence of three kinds of boundary control methods on the
displacements of a_cantilever beam: P(§, 7) = 0.003sinT (£ — 0.5),
¢, 1) = 0—W(£)——— V(E)aF(‘r) 0,i=1,2,. 8bF2
—0.04757,F4 = —0.01920, F =0, JE2,4;¢,F = Zo. 04850 F3
—0.01898, F =0,j#1,3; andd Fy = —0.05526, F, = 0.00665, I
—0.02491, F4 =0.00594, F —0,]#1 2,3,4.

inputs are taken, the corresponding coefficients of the boundary
inputs are also obtained from Eq. (65), i.e., F; = —0.04850, F; =
—0.01898, F; =0, j # 1, 3. Finally, if the displacementsat £ = 0.3
and 1 are controlled to be zero, the corresponding coefficients
of the boundary inputs are obtained from Eq. (66), i.e,, F; =
—0.05526, F; =0.00665, F3 = —0.02491, F, =0.00594, F; = 0,
Jj#1,2,3,4. It is shown in Fig. 3 that the displacements obtained
by using the first method are larger than those obtained by using the
second one and the third one. Moreover, the displacements obtained
by using the third method are smaller than those obtained by using
the first one and the second one.

Summary
The governing differential equations with the general time-
dependent elastic boundary conditions for the coupled bending-
bending vibration of a pretwisted nonuniform beam are derived by
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Hamilton’s principle. A solution procedure to study the dynamicres-
ponse of the beam with arbitrary pretwist is proposed. The physical
meanings of the shifting functionsare revealed. The self-adjointness
of the system is proved. The orthogonality condition for the eigen-
functions of a nonuniform pretwisted beam with elastic boundary
conditions is derived. The stiffness matrix for a nonuniform beam
with arbitrary pretwist is derived. As the coefficients of the matrix
can be integrated analytically, the exact stiffness matrix is, there-
fore, obtained. The greaterthe variationis of the pretwist angle near
the root of a cantilever beam subjected to a transverse force, the
greater the influence of pretwist for a given tip pretwist angle. For
the steady motion of abeam subjectedto an external harmonictrans-
verse force, its displacementsat an arbitrary four or fewer positions
can be controlled to be zero at the same time by taking boundary
inputs.

Appendix: Shifting Functions

Case 1: General Case

The system composed of Eqs. (16-25) in terms of the shifting
functions presents the static problem of a pretwisted nonuniform
beam subjected to unit end restraints. The shifting functions g; and
g: are the static deflections in the z and y directions, respectively,
of a generally elastically restrained pretwisted beam subjected to a
unit transformed moment or a unit transformed shear force at the
ends, respectively. When the rotational spring constantis infinity or
zero, the unit transformed moment is a unit end slope or a unit end
moment. When the translational spring constant is infinity or zero,
the unit transformed shear force is a unit end displacement or a unit
end shear force.

The corresponding negative shear forces and moments are ob-
tainedby integratingEqs. (16) and (17) once and twice, respectively:

_ d dzg,- d dz _,' _
0. = = (Byyd_é__z> + = (Byzd_%_2> =cy, (A1)

d’g; d’g;
_Mz.i(g) = Byyd_é__z + Byzd_é__z

d d’g; d d’g;
—Q,v.,-(é):—(B —’>+ (B g’) =c,;  (A3)

=c1i§ +Coi (A2)

dg \"dg? ) T ag \ g
dg; d?g;
_My.i(g) = Bzzd_é__z + B}'z@ = C3.i£}_ + Cyi (A4)

Obviously, the coefficients ¢, ¢z, ¢3, and ¢4 are the negative shear
forces and the negative moments in the z and y directions at the
left end, respectively. The shifting functions can be obtained easily
from Egs. (A2) and (A4):

dg;

% =cp,iw(§) + ¢ iwy(8) + c3;03(8) + cy04(8) + 5, (AS)

8i(€) =criwi(§) +criwa(§) + ez iws(§) +eqiwa(§) +c5,8 + e
(A6)

dg;

% =civi(§) + i)tz uvs€) + e ivaE) + e (AT

8&i(&) =crivi (&) +c2iv2(8) +c3,v3(8) +caiva(§) + 7,8 + ¢y,
(A8)

where

¢ ¢B..(0)
= d
i) /0 B.(0)By, (0) — BLE)
¢ B..(%)
_ 22 d
&) /0 B.(0)B,, ()~ BLQ)
¢ By (5)
= = d.
@E=n® /0 BL() — BBy @)
5 Byz(;)
= = d.
oE) =) /o B2.(0) - BBy @)

G ¢ B,y (%)
v3(§) = /(; B..(¢)B,, (&) — BL(0)

dg

e B, ()
vy (§) —/0 B..(¢)Byy (&) — B (0)

d¢
& &
wj(§)=/0 w; () dg, vj(é‘):/o v;(£)dg
i=1,2,3,4 (A9)

Substituting Eqs. (A1-A9) into Egs. (18-25), the coefficients of
the shifting functions are obtained:

—1

Cl,i apy app a3 dig
Coi| | G21 Gop Gp3 dp4
C3i azy Qs dzz A3y
Cy.i aq) Qg2 Q43  Qyq

8is — (¥s1/ 718

8is — (Ws1 /Y181 — (Vs1/v21)8i2
8i7 — (y11/v31)di3

8is — (vs1/v31)8i3 — (¥81/Va1)ia
(A10)

csi = (1/y1) (i1 +vi2€2.)s c6i = (1/y21)(8i2 — vmcr i)

c1; = (1/y30)Giz+yncai), cgi = (1/ya1) (8ia — Va2€3.4)
where

an = ysio1 (1) + yso, ain = ysima(1) + ys2 + (v51/v1) vz
aiz = ysiw3(1), ai = ysiw4(1)
az = ysiwi (1) — vs2 — o1 /v21) 22
ayy = yerws(1)

as = ynuva (1) (All)

ax = yarw2 (1) + (Vo1 /v11) V12,
Ay = Yawa(l), az = ynui (1),
ay = ynuvs(l) + yn
asy = ynus(l) + v + (v /v31) v, as = ysivi(1)
agy = y1v2(1), ap = yaiv3(1) — g2 — (Vs1/Va1) va
ass = ysiva(1) + (v81 /v31) v
Case 2: Clamped-Free
For this case, yn =ya=ys=va=vn=Va=Vn=Ya=1,

Y2 =Y =VYn=VYin=ys51=Ye =yn =ys1 =0, and the shifting
functions are

& =&, & =1, 83 =84=0, g5 = wa(§)
(A12)
86 = —wy (%), 87 = wy4(§), 8s = —w3(§) + wa(§)
81 =8=0, 8 =&, 8=1, 8 = 1:(8)
(A13)
86 = v1(8), 87 = v4(8), 8s = —v3(§) + v4(§)

Case 3: Clamped-Clamped

For this case, yi1 =¥ = V31 = Ya1 = ¥51 = Yo1 = Vi =Ya = 1,
Yo=Vn=VYn=Yp=V=VYo=VYn=yn =0, and the shifting
functions are

&1 =—Wn +di)wi(§) — (da + dn)wy(§)
= (ds1 + di)w;3(§) — (dy +dp)wy(§) +&

&2 = —[dinw(§) + dpwy(§) + dnws(§) + dpwi(§)] + 1



g3 = —(di3 +diw; (¢) — (dos + dp)w,(§)
— (dy + ds))w;(§) — (das + da)wa(§)
84 = —ldiaw,(§) + drqwr(§) + dyyw3(§) + daswy(§)]
gj+a =dijwi(§) + dajwi(§) + dsjws(§) + dy;wy ()
j=1,2,3,4 (Al4)
g1 = —(di +di)vi(§) — (doy +dn)vr()
—(d3 + d3)v3(8) — (dyy + daz)v4(§)
82 = —[div1(§) + drva(§) + d3ov3(8) + dipva(§)]
83 = —(diz + diy)vi(§) — (doz + dry)v2(§)
(A15)
—(d33 + dag)v3(§) — (dyz + das)va(§) + &
84 = —[di4v1(§) + doyv,(§) + d34v3(8) + diyvs ()] + 1

8i+4=d;v1(§) + dyjva(8) + d3;v5(8) + dyjva(§)

Jj=12,3,4
where

dy diy dyy dy o1(1) @) o) w1)]"

dyy dn dyy dy| | wi(D) wal) wi() wa(D)

dyy dyn diz dy vi(1)  va(1)  wvi(1)  wv(1)

dyy dy dyz dy vi(1)  v(1)  wvi(1)  w(1)
(A16)
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